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Spatiotemporal fractal pattern in interfacial motion with quenched disorder

Ning-Ning Pang and N. Y. Liang
Department of Physics, National Taiwan University, Taipei, Taiwan, Republic of China

~Received 14 March 1997!

We study the recently introduced Leschhorn model@H. Leschhorn, Physica A195, 324 ~1993!# for interfa-
cial depinning with quenched disorder. The spatiotemporal intermittency observed in the system displays
critical properties of fractals. By using the scaling argument, we are able to express various scaling exponents
in terms of the fundamental exponents, i.e., the dynamical exponentz, the roughness exponentx, and the
correlation length exponentn. Moreover, our simulation gives very good agreement with the prediction. The
numerical values of various critical exponents show that the Leschhorn model is not in the same universality
class of directed percolation.@S1063-651X~97!02108-9#

PACS number~s!: 05.40.1j, 47.55.Mh, 64.60.Ht
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Recently, there has been considerable interest in the s
ing behaviors of interfaces in physical systems w
quenched disorder, which are currently accepted as a pr
type to describe the motion of a domain wall in the rand
field Ising model@1# and fluid displacement in porous med
@2#. The simplest continuum description for the dynamics
the interface, proposed by Bruinsma and Aeppli@3# and Ko-
plik and Levine @4#, is given by the following Langevin
equation:

] th~x,t !5n¹2h~x,t !1F1h„x,h~x,t !…, ~1!

whereF is a uniform driving force that pushes the interfa
h(x,t), and the random termh„x,h(x,t)… represents the ef
fect of the quenched disorder. The random pinning fo
h„x,h(x,t)… is Gaussian distributed with zero mean a
some short spatial correlation length. Analytical@5# and nu-
merical@6,7# studies showed that there exists a critical va
of the force,Fc , above which the interface moves with
finite velocity; while below the transition the interface
pinned after some finite time. The depinning transition
continuous with the velocity of the interfacev, playing the
role of the order parameter, to vanish as a power law

v;~F2Fc!
u, as F→Fc

1 . ~2!

The width w(L,t) of the kinetically roughened surfac
evolves in accordance with the dynamic scaling form

w2~L,t ![^„h~x,t !2h~x,t !…2&;L2x f ~ t/Lz!. ~3!

Hereh(x,t) is the interface height at positionx and timet.
Throughout the paper, the overbar denotes the average
x in the system of sizeL at time t, and angular bracket
denote the average over the randomness. In addition, ft
!Lz, w(L,t);tb with b5x/z and for t@Lz, w(L,t);Lx.
x and z are known as theroughness exponentand thedy-
namic exponent, respectively.

In addition to the above standard scaling behavior of
interfacial width, the most intriguing feature of the interfac
onset through disordered media is that, at the depinning t
sition, the motion of the interface, rather than a more or l
uniform growth, displaysspatiotemporal intermittency@8#.
That is, when a segment of the interface is pushed to bec
561063-651X/97/56~2!/1461~4!/$10.00
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unstable, it moves rapidly forward until it becomes pinned
some metastable state. Then the segment of the interface
remain stationary for a long while before it fails to adapt
the changing neighboring landscape and goes unstable a
Spatiotemporal intermittency is one of the most baffeli
phenomena observed in Nature. While spatiotemporal in
mittency is observed in many physical systems, e.g., tra
tion between turbulent and laminar flows in hydrodynam
@9#, invasion percolation of the invading fluid~air! displacing
oil from the oil reservoir@10#, etc., little understanding abou
it has been achieved. This motivates us to study
(111)-dimensional Leschhorn model@11#, which is the re-
alization of Eq.~1! in a discrete space-time lattice. We e
plore many facets of the spatiotemporal intermittent behav
at the depinning transition of the system, including the wa
ing time distribution, the distribution of the size of pinne
domains, and the corresponding spatial and temporal exte
etc.

Let us first recall the definition of the
(111)-dimensional Leschhorn model@11#: ~1! Each site on
a square lattice is assigned a random pinning forceh( i ,h),
which takes the value 1 with probabilityp or 21 with prob-
ability q512p. ~2! The interface is specified by a set o
integershi(t), i 51,2,...,L. The flat initial condition, i.e.,
hi(t50)50, and periodic boundary conditions are impose
~3! At each time stept, the interface configuration is update
simultaneously for alli :

hi~ t11!5 Hhi~ t !11
hi~ t !

if v i.0
otherwise; ~4!

in the above expression, the valuev i is defined as

v i5hi 11~ t !1hi 21~ t !22hi~ t !1gh~ i ,h!. ~5!

The parametersg andq2p represent the relative strengt
of the random pinning force compared to the surface tens
and the driving force, respectively. Reference@11# has shown
that the mean interface heightH(t)[^hi(t)& scales astb in
the early times, then goes to a constant forp,pc or grows
linearly for p.pc . Figure 1~a! shows a typical set of inter
face configurationshi(t) separated with uniform time inter
vals Dt(5200 time steps) at the depinning transitio
1461 © 1997 The American Physical Society
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FIG. 1. ~a! shows a typical set of interface
configurationshi(t) separated with uniform time
intervalsDt~equals 200 time steps! at the depin-
ning transitionpc~.0.8004, forg51 @11#!. Here
the system sizeL5512. ~b! shows the corre-
sponding temporal evolution of interfacial mo
tion. In ~b!, the moving sites at each time slicet
are represented by black dots.
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pc(.0.8004, forg51 @11#!. Here the system sizeL5512.
The corresponding temporal evolution of interfacial moti
is plotted in Fig. 1~b!, where at each timet the moving sites
are represented by black dots. Figure 1~b! clearly displays
that, at the depinning transition, the motion of the interface
intermittentboth in space and time. The pattern of activ
looks like an anisotropic fractal in (111)- ~one spatial and
one temporal! dimensional space, of which the cuts in diffe
ent directions have different fractal dimensions.

We first look at the cuts in the temporal direction. Let
define thewaiting time t̃ to be the time elapsed between t
subsequent interfacial advance at a given sitei . Ni(t) is de-
fined as the total number of interfacial movement up to ti
t. Note that, from the fractal point of view,Ni(t) is the
collection of the moving points on the time axis with th
fractal dimension 0<d̃<1. Then, on the average,

^Ni~ t !&5t2^Ni~ t !&E
1

t

t̃Pwait~ t̃ !dt̃, ~6!
is

e

wherePwait( t̃) is the distribution of the waiting timet̃. It is
evident thatNi(t)5hi(t), the interface height. In addition
the mean interface heightH(t) scales astb in the early times
@11#, so we obtain

tb;H~ t ![^hi~ t !&5^Ni~ t !&;t d̃. ~7!

Substituting Eq.~7! into Eq. ~6!, we obtain

11E
1

t

t̃Pwait~ t̃ !dt̃;t12 d̃. ~8!

Consequently,

Pwait~ t̃ !; t̃212 d̃. ~9!

The waiting time distributionPwait( t̃) obeys the power-law
behavior, with the exponenttwait obtained as

twait511d̃511b511x/z. ~10!
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FIG. 2. The logarithmically binned distribu
tions Pwait( t̃) ~solid square! and P(A) ~solid
circle!, i.e., the density of events in the rang
@ t̃, 2t̃) and @A, 2A), respectively. The numeri-
cally measured value of the waiting time distr
bution exponenttwait52.060.1 is in very good
agreement with the predicted valuetwait51.88
60.06, based on the early-time exponentb50.88
60.03 in Ref. @11#. The numerically measured
value of the pinned domain area distribution e
ponentt52.060.1 verifies our prediction of the
scaling relationt.twait .
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Subsequently, we look at the cuts in the spatial directi
The fractal dimensiondf of the collection of moving sites in
the spatial direction, after long transients, can be relate
the order parameter and correlation length exponents, i.u
andn, respectively, as follows. The velocity of the interfa
y, roughly speaking, scales asÑ(j)/j, whereÑ(j) denotes
the number of moving sites in the spatial rangej at a given
time slice, andj denotes the correlation length. Since

Ñ~j!;jdf ~11!

and

j;~p2pc!
2n, ~12!

with the help of Eq.~2! we obtain

u5n~12df !. ~13!

Let us definePsyn( l̃ ) as the distribution of the synchroniza
tion length l̃ , which denotes the number of consecuti
pinned sites at any given time step in the steady regime
analogy with the cuts in the temporal direction, we can ea
obtain

Ñ~L !5L2Ñ~L !E
0

L

Psyn~ l̃ ! l̃ d l̃, ~14!

whereÑ(L) denotes the total number of moving sites in t
spatial rangeL at a given time step. SubstitutingÑ(L)
;Ldf into Eq. ~14!, we obtain

11E
0

L

Psyn~ l̃ ! l̃ d l̃; l̃ 12df . ~15!

Consequently,

Psyn~ l̃ !; l̃ 212df . ~16!
.

to
,

In
ly

That is, the synchronization length distributionPsyn( l̃ ) also
obeys the power-law behavior with the exponenttsyn ob-
tained as

tsyn511df522u/n. ~17!

We see that the cuts in either the temporal direction or
spatial direction can be regarded as fractal renewal proce
@12#, which are well known for generating 1/f D noises.

Moreover, the fractal pattern of space-time activiti
looks like a carpet with interwoven black~moving! and
white ~pinned! domains@see Fig. 1~b!#. We define pinned
domains inx-t space to be any group of pinned points th
are connected through nearest-neighboring pinned po
The distribution of pinned domains with enclosed areaA,
P(A), obeys a power-law behavior atpc . That is,

P~A!;A2t. ~18!

Due to translational invariance in thex direction, the pinned
domain can be viewed as a collection of the waiting tim
intervals of neighboring sites. The correlation betwe
neighboring sites is introduced through the discrete Lap
ian term, which favors the smoother interface, in the defi
tion of the Leschhorn model. Thust should be smaller than
twait . However, since the interaction between neighbor
sites is short ranged, more precisely the nearest-neighbo
teraction, the model still preserves very good self-averag
quality. So we expect thatt is smaller than but very close t
twait within the range of statistical uncertainty in the nume
cal simulation. In addition, every pinned domain is chara
terized by a heightr' and a widthr i , i.e., the projection of
the domain int andx directions, respectively. Since the dy
namic exponentz measures the propagation of spatial cor
lations in time, we expect thatr';r i

z . Because the hole is
geometrically compact, the areaA of the hole is of the order

A;r ir';r i
11z;r'

111/z . ~19!

By using
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FIG. 3. The logarithmically binned distribu
tions P(r i) ~solid square! and P(r') ~solid
circle!, i.e., the density of events in the rang
@r i , 2r i) and @r' , 2r'), respectively. The
straight lines, fit by least squares to the data, g
t i53.260.3 and t'52.660.3, in excellent
agreement with our theoretical predictionst i

53.160.2 andt'52.560.1, based on the expo
nents b50.8860.03 and z51.460.1 in Ref.
@11#.
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P~r i!dr i5P~r'!dr'5P~A!dA, ~20!

we obtain the distributions ofr' and r i as P(r i);r i

2t i and

P(r');r
'

2t', respectively, with the exponents

t i5t1tz2z511x1x/z ~21!

and

t'5
t1tz21

z
511x/z1x/z2. ~22!

We have obtained all the scaling exponents characteri
the fractal properties of the space-time activity pattern,
terms of the fundamental characteristic exponents, i.e.,
roughness exponentx, the dynamic exponentz, and the cor-
relation length exponentn.

We then perform numerical simulation to confirm our pr
dictions. The simulation is done with the system sizeL
5512 at p5pc.0.8004, and averaged over 5000 realiz
tions. The typical time scale for systems to get pinned
around 20 000 time steps. Our numerical results stron
support the above scaling predictions. The numerically m
sured value of the waiting time distribution exponenttwait
52.060.1, displayed in Fig. 2, is in very good agreeme
with the predicted valuetwait51.8860.06, based on the
early time exponentb50.8860.03 in Ref.@11#. The expo-
,
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nentt, characterizing the pinned domain area distribution
also shown in Fig. 2. The numerical measurements,t52.0
60.1 andtwait52.060.1, verify our prediction of the scal
ing relation t.twait . Figure 3 shows that our numerica
measurements,t i53.260.3 andt'52.660.3, are in excel-
lent agreement with our theoretical predictions,t i53.1
60.2 and t'52.560.1, based on the exponen
b50.8860.03 andz51.460.1 in Ref.@11#.

In conclusion, we studied the recently introduc
Leschhorn model for interfacial depinning with quench
disorder. We first applied the method of scaling analysis
study the scaling properties of the spatiotemporal fractal p
tern of activities observed in the (111)-dimensional
Leschhorn model. We derived the relations between vari
scaling exponents analytically. Moreover, an extensive
merical simulation was undertaken to affirm our predictio
about scaling relations. The numerical values of various c
cal exponents show that the Leschhorn model is not in
same universality class of directed percolation, although
pattern of activity is indeed visually similar to that of d
rected percolation.
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