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Spatiotemporal fractal pattern in interfacial motion with quenched disorder
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We study the recently introduced Leschhorn mddielLeschhorn, Physica A95 324 (1993] for interfa-
cial depinning with quenched disorder. The spatiotemporal intermittency observed in the system displays
critical properties of fractals. By using the scaling argument, we are able to express various scaling exponents
in terms of the fundamental exponents, i.e., the dynamical expanettie roughness exponegt and the
correlation length exponent Moreover, our simulation gives very good agreement with the prediction. The
numerical values of various critical exponents show that the Leschhorn model is not in the same universality
class of directed percolatiopS1063-651X97)02108-9

PACS numbg(s): 05.40:+j, 47.55.Mh, 64.60.Ht

Recently, there has been considerable interest in the scalnstable, it moves rapidly forward until it becomes pinned at
ing behaviors of interfaces in physical systems withsome metastable state. Then the segment of the interface will
guenched disorder, which are currently accepted as a protoemain stationary for a long while before it fails to adapt to
type to describe the motion of a domain wall in the randomthe changing neighboring landscape and goes unstable again.
field Ising model 1] and fluid displacement in porous media Spatiotemporal intermittency is one of the most baffeling
[2]. The simplest continuum description for the dynamics ofphenomena observed in Nature. While spatiotemporal inter-
the interface, proposed by Bruinsma and Aepliand Ko-  mittency is observed in many physical systems, e.g., transi-
plik and Levine[4], is given by the following Langevin tion between turbulent and laminar flows in hydrodynamics
equation: [9], invasion percolation of the invading fluidir) displacing

oil from the oil reservoif10], etc., little understanding about
dth(x,t) = vV2h(x,0) + F + n(x,h(x,1)), (D it has been achieved. This motivates us to study the
(1+ 1)-dimensional Leschhorn modgl1], which is the re-
alization of Eq.(1) in a discrete space-time lattice. We ex-
é)lore many facets of the spatiotemporal intermittent behavior
. . o . at the depinning transition of the system, including the wait-
7(X.h(x.1)) is Gaussian distributed with zero mean and;,"yime distribution, the distribution of the size of pinned

some short spatial correlation length. Analyti€a] and nu- ; : :
. . . - domains, and the corresponding spatial and temporal extents,
merical[6,7] studies showed that there exists a critical value P gsp P

. ; . etc
of the force,F., above which the interface moves with a

finit locity: while below the t ition the interf . Let us first recall the definition of the
Inite velocity, while below ne transition the nterface 1S (1+ 1)-dimensional Leschhorn model1]: (1) Each site on
pinned after some finite time. The depinning transition is

continuous with the velocity of the interfaee playing the a square lattice is assigned a random pinning foyéeh),

role of the order parameter, to vanish as a power law which takes the value 1 with probabilifyor —1 with prob-
' ability g=1—p. (2) The interface is specified by a set of

v~(F—F.)? as F—F. . 2) integersh;(t), i=1,2,...L. The flat initial condition, i.e.,
h;(t=0)=0, and periodic boundary conditions are imposed.
The width w(L,t) of the kinetically roughened surface (3) Ateach time step, the interface configuration is updated

whereF is a uniform driving force that pushes the interface
h(x,t), and the random termy(x,h(x,t)) represents the ef-
fect of the quenched disorder. The random pinning forc

evolves in accordance with the dynamic scaling form simultaneously for all:
wW(L,t)=((h(x,t) —h(x,t))~L2Xf(t/L?). (3 _[hi(®+1 if v;>0

(L.H=((h(x,t)—h(x,1))?) (tLy). @ D= @
Hereh(x,t) is the interface height at positionand timet.
Throughout the paper, the overbar denotes the average ovierthe above expression, the valugis defined as
x in the system of sizé& at timet, and angular brackets
denote the average over the randomness. In additiort, for v;=hj 1 (t) +hi— (1) = 2h;(t) +gn(i,h). )
<L? w(L,t)~t? with B=x/z and fort>L? w(L,t)~L"*.
x and z are known as theoughness exponerind thedy- The parameterg andq— p represent the relative strength
namic exponentrespectively. of the random pinning force compared to the surface tension

In addition to the above standard scaling behavior of theand the driving force, respectively. Referefit&] has shown
interfacial width, the most intriguing feature of the interfacial that the mean interface height(t)=(h;(t)) scales as” in
onset through disordered media is that, at the depinning trarthe early times, then goes to a constantfetp. or grows
sition, the motion of the interface, rather than a more or leséinearly for p>p.. Figure 1a) shows a typical set of inter-
uniform growth, displaysspatiotemporal intermittenc{8].  face configuration#;(t) separated with uniform time inter-
That is, when a segment of the interface is pushed to becomals At(=200 time steps) at the depinning transition
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S . . . } . L L . FIG. 1. (&) shows a typical set of interface
So 100 200 300 400 500 configurationsh;(t) separated with uniform time
(a) i (lattice sites) intervalsAt(equals 200 time stepst the depin-

ning transitionp.(=0.8004, forg=1 [11]). Here
the system sizd=512. (b) shows the corre-
sponding temporal evolution of interfacial mo-
tion. In (b), the moving sites at each time slite
are represented by black dots.

1.9x10*

time steps

i (lattice sites)

p.(=0.8004, forg=1 [11]). Here the system sizie=512.  whereP,;(t) is the distribution of the waiting time. It is
The corresponding temporal evolution of interfacial motionevident thatN,(t) =h;(t), the interface height. In addition,
is plotted in Fig. 1b), where at each timethe moving sites the mean interface height(t) scales a$® in the early times
are represented by black dots. Figur)lclearly displays [11], so we obtain
that, at the depinning transition, the motion of the interface is L
intermittentboth in space and time. The pattern of activity tP~H(t)=(h;(t))=(N;(t))~tC. (7
looks like an anisotropic fractal in (£1)- (one spatial and
one temporaldimensional space, of which the cuts in differ- Substituting Eq(7) into Eg. (6), we obtain
ent directions have different fractal dimensions. .

We first Io'o'k at.the~cuts in the Femporal direction. Let us 1+ f prait('f')d"t‘wtlfd_ (8)
define thewaiting time tto be the time elapsed between the 1
subsequent interfacial advance at a given isitd;(t) is de-
fined as the total number of interfacial movement up to timeConsequently,
t. Note that, from the fractal point of viewy;(t) is the o~
collection of the moving points on the time axis with the Pua(H)~t 174 9

fractal dimension &d=<1. Then, on the average, . ) o —~
The waiting time distributiorP,,,;(t) obeys the power-law

behavior, with the exponent,,;; obtained as

L ~
N(D)=t=(N0) [ Pt ®) e Eet4 g1 10
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_R FIG. 2. The logarithmically binned distribu-
3:; tions P,,i(t) (solid squarg and P(A) (solid
mé’g circle), i.e., the density of events in the range
= [t, 2t) and [A, 2A), respectively. The numeri-
2 cally measured value of the waiting time distri-
5‘“ bution exponentr,,;=2.0+0.1 is in very good
oy agreement with the predicted valug,,;=1.88
o=l +0.06, based on the early-time expongrt0.88
S SE . .
Sk +0.03 in Ref.[11]. The numerically measured

- value of the pinned domain area distribution ex-

S 3 ponentr=2.0=0.1 verifies our prediction of the

scaling relationr= 7,,;.
)
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Subsequently, we look at the cuts in the spatial directionThat is, the synchronization length distributimyn(T) also

The fractal dimensioul; of the collection of moving sites in  obeys the power-law behavior with the exponegy, ob-
the spatial direction, after long transients, can be related teined as

the order parameter and correlation length exponents éi.e.,

andv, respectively, as follows. The velocity of the interface Toyn=1+0d;=2—0/v. (17)

v, roughly speaking, scales &K ¢)/¢, whereN(£) denotes

the number of moving sites in the spatial rargat a given We see that the cuts in either the temporal direction or the

time slice, and¢ denotes the correlation length. Since spatial direction can be regarded as fractal renewal processes
[12], which are well known for generating P noises.
N( &)~ &% (1D Moreover, the fractal pattern of space-time activities
looks like a carpet with interwoven blackmoving and
and white (pinned domains[see Fig. 1b)]. We define pinned
domains inx-t space to be any group of pinned points that
E~(p—po) " (12) are connected through nearest-neighboring pinned points.
The distribution of pinned domains with enclosed area
with the help of Eq(2) we obtain P(A), obeys a power-law behavior pt. That is,
= v(1—d,). (13) P(A)~A". (18)

. ~ o . Due to translational invariance in thedirection, the pinned
Let us definePsy (1) as the distribution of the synchroniza- yomain can be viewed as a collection of the waiting time
tion length I, which denotes the number of consecutivejntervals of neighboring sites. The correlation between
pinned sites at any given time step in the steady regime. Ifejghboring sites is introduced through the discrete Laplac-
analogy with the cuts in the temporal direction, we can easilyan term, which favors the smoother interface, in the defini-
obtain tion of the Leschhorn model. Thusshould be smaller than
) Twait- HOwever, since the interaction between neighboring
INTTRUEE Y T sites is short ranged, more precisely the nearest-neighbor in-
N(L)=L~- N(L)fo Pey DI dl, (14 teraction, the model still preserves very good self-averaging
quality. So we expect thatis smaller than but very close to

ahereR() denots th oal number of mvin sesnthe 2 L 0 TG L Sles neerany e uner

ipfglfa.l trarllz_gelzlgt a gl\g:l'n' time step. Substitutinty(L) terized by a height, and a widthr, i.e., the projection of
into Eq. , We obtain the domain int andx directions, respectively. Since the dy-

namic exponent measures the propagation of spatial corre-

1+ prS (DT dl~T2dr, (15) lations in time, we expect that, ~r. Because the hole is
o ¥ geometrically compact, the ardaof the hole is of the order
Consequently, ANFHM~FH1+Z~@+1/Z- (19)

Psyn(T) ~]idy, (16) By using
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FIG. 3. The logarithmically binned distribu-
tions P(r,) (solid squarg and P(r,) (solid
circle), i.e., the density of events in the range
E [ry,2r) and [r,,2r), respectively. The
straight lines, fit by least squares to the data, give
7,=3.220.3 and 7,=2.6x0.3, in excellent
E agreement with our theoretical predictions
] =3.1+0.2 andr, =2.5+0.1, based on the expo-

1 nents 8=0.88+0.03 andz=1.4+0.1 in Ref.
4 [11].
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P(r,)dr,=P(r,)dr, =P(A)dA, (20 nentr, characterizing the pinned domain area distribution, is

- also shown in Fig. 2. The numerical measurements2.0
we obtain the distributions af, andr; asP(r;)~r "and  +0.1 andr,g=2.0+0.1, verify our prediction of the scal-

P(rl)~r1”, respectively, with the exponents ing relation 7= 7,,;. Figure 3 shows that our numerical
measurements; =3.2+ 0.3 andr, =2.6=0.3, are in excel-
n=71+72—-2=1+x+x/z (21)  lent agreement with our theoretical predictions=3.1
+0.2 and 7,=25*+0.1, based on the exponents
and $=0.88+0.03 andz=1.4+0.1 in Ref.[11].
+rz—1 In conclusion, we studied the recently introduced
TJ_:TZJ.‘FX/Z‘F)(/ZZ. (22 Leschhorn model for interfacial depinning with quenched

disorder. We first applied the method of scaling analysis to

We have obtained all the scaling exponents characterizingtudy the scaling properties of the spatiotemporal fractal pat-
the fractal properties of the space-time activity pattern, intern of activities observed in the 11)-dimensional
terms of the fundamental characteristic exponents, i.e., theeschhorn model. We derived the relations between various
roughness exponet the dynamic exponers, and the cor- scaling exponents analytically. Moreover, an extensive nu-
relation length exponeni. merical simulation was undertaken to affirm our predictions
We then perform numerical simulation to confirm our pre-about scaling relations. The numerical values of various criti-
dictions. The simulation is done with the system slze cal exponents show that the Leschhorn model is not in the
=512 atp=p,~=0.8004, and averaged over 5000 realiza-same universality class of directed percolation, although the

tions. The typical time scale for systems to get pinned ispattern of activity is indeed visually similar to that of di-
around 20 000 time steps. Our numerical results stronglyected percolation.

support the above scaling predictions. The numerically mea-

sured value of the waiting time distribution exponemp; The authors are very grateful to C. K. Chan and W. J.
=2.0=0.1, displayed in Fig. 2, is in very good agreementTzeng for enlightening discussions. The work of N.-N. Pang
with the predicted valuer,,;=1.88+0.06, based on the is supported in part by the National Science Council of Re-
early time exponenB=0.88+0.03 in Ref.[11]. The expo- public of China under Grant No. NSC 86-2112-M-002-021.
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